The capacity of popular classical interatomic potentials to describe elastic properties of graphene is tested. The Tersoff potential, Brenner reactive bond-order potentials REBO-1990, REBO-2000, REBO-2002 and AIREBO as well as LCBOP, PPBE-G, ReaxFF-CHO and ReaxFF-C2013 are considered. Linear and non-linear elastic response of graphene under uniaxial stretching is investigated by static energy calculations. The Young's modulus, Poisson's ratio and high-order elastic moduli are verified against the reference data available from experimental measurements and ab initio studies. The density functional theory calculations are performed to complement the reference data on the effective Young's modulus and Poisson's ratio at small but finite elongations. It is observed that for all the potentials considered, the elastic energy deviates remarkably from the simple quadratic dependence already at elongations of several percent. Nevertheless, LCBOP provides the results consistent with the reference data and thus realistically describes in-plane deformations of graphene. Reasonable agreement is also observed for the computationally cheap PPBE-G potential. REBO-2000, AIREBO and REBO-2002 give a strongly non-linear elastic response with a wrong sign of the third-order elastic modulus and the corresponding results are very far from the reference data. The ReaxFF potentials drastically overestimate the Poisson's ratio. Furthermore, ReaxFF-C2013 shows a number of numerical artefacts at finite elongations. The bending rigidity of graphene is also obtained by static energy calculations for large-diameter carbon nanotubes. The best agreement with the experimental and ab initio data in this case is achieved using the REBO-2000, REBO-2002 and ReaxFF potentials. Therefore, none of the considered potentials adequately describes both in-plane and out-of-plane deformations of graphene.
Introduction
Atomistic simulations for large systems (up to 10 6 ) and long time scales (up to 1 ms) are possible using classical interatomic potentials. However, such simulations are realistic as long as the potentials are properly fitted to physical properties relevant for each specific simulation case. In the present paper we compare the performance of popular interatomic potentials for carbon with respect to elastic properties of graphene. We consider the Tersoff potential [1] , Brenner reactive bond-order (REBO) potentials REBO-1990 [2] , REBO-2000 [3] , AIREBO [3] and REBO-2002 [4] , long-range carbon bond-order potential (LCBOP) [5] , PPBE-G [6] , ReaxFF-CHO [7] and ReaxFF-C2013 [8] .
It should be noted that REBO and ReaxFF potentials are reactive, i.e. capable of describing formation and breaking of bonds between carbon atoms. The use of such reactive potentials is necessary in simulations of processes in graphene-based systems which actually occur with changes in the bond topology, such as rupture of graphene nanoribbons [9, 10] , trans-formation of graphene flakes into fullerenes under heat treatment [11, 12] or structural rearrangements induced by electron irradiation [13, 14] , etc. Nevertheless, a very wide set of phenomena in graphene-based systems do not involve breaking or formation of bonds and are determined only by the elastic properties of graphene. Examples, which have been investigated using classical molecular dynamics (MD) simulations, include formation of graphene folds [15] and rolling of carbon nanoscrolls from graphene nanoribbons [15] [16] [17] . Because of considerable bending of graphene layers in these processes, accurate description of the bending rigidity is indispensable. Carefully reproduced bending rigidity is also necessary for atomistic studies of structure [18] [19] [20] and mechanical properties [18, 21] of carbon nanotubes (CNTs) with graphene nanoribbons inside. Structures of stacking dislocations in graphene bilayer [22] or graphene/hexagonal boron nitride heterostructure [23] are determined by the Young's moduli of the layers. Both bending and tension are relevant for description of wrinkling of graphene membrane in nanoindentation [24] , self-retracting motion of graphene layers [25] , dissipation of energy during relative motion [26] and vibrations [27] of graphene layers, and so on. Atomistic simulations using classical potentials have been also invoked to study operation of nanoelectromechanical systems based on rolling and unrolling of carbon nanoscrolls [28] , bend-ing of graphene membrane [29] and relative motion of graphene layers [30] [31] [32] .
The capability of classical interatomic potentials to describe elastic properties of graphene has been addressed in a number of papers [6, [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] . Elastic constants were obtained by static energy calculations [35, 36, 38] and MD simulations [6, 34, [39] [40] [41] [42] [43] for strained graphene. The bending rigidity was found from calculations of elastic energies of CNTs of different radii [36, 44, [46] [47] [48] and bended graphene layers [39, 43, 49] . The same quantity also determines the height of ripples in graphene and was estimated from MD simulations at finite temperatures [6, 50] . For the Tersoff, REBO-1990 and REBO-2002 potentials, analytical expressions were derived for the elastic constants and bending rigidity in the limit of small strains [33, 36, 37, 48] . The results on the elastic constants, however, vary significantly depending on the approach even when similar interatomic potentials are used [33, 34, 36, 37, [39] [40] [41] [42] [43] . While temperature [6, 34, 39-43, 49, 50] , inclusion of long-range interactions [35, [39] [40] [41] using the Lennard-Jones (LJ) potential and other computational details are responsible for some deviations in the results, one of the most important reasons of the discrepancies should be looked for in the intervals of strains where the linear elastic response (linear stress-strain relationship or quadratic energy-strain relationship) is assumed. In the present paper we show that non-linear contributions can be quite important for the elastic response of graphene already at strains of several percent. Furthermore, we compare the performance of different potentials following the same computational procedure for all of them.
As the benchmark data, we use the results of ab initio calculations and experiments. The Young's modulus of about 1 TPa was measured for a single graphene layer by nanoindentation [51] . Very close results were obtained previously for graphite by inelastic x-ray scattering [52] and ultrasonic, sonic and static tests [53] . Indeed, no significant effect of the weak interlayer interaction on the in-plane elastic constants of graphene should be expected [41, 54] . In the same experiment for graphene [51] , an estimate of the third-order elastic modulus was obtained. The negative sign of this modulus is typical for majority of materials and corresponds to a decreasing stiffness upon increasing the tensile strain and an increasing stiff response upon increasing the compressive strain. The bending rigidity of graphene was estimated from the experimental data on the phonon spectrum of graphite [55] . The out-of-plane transversal acoustic band ZA in graphite or graphene corresponds to bending of a single graphene layer. While the sound velocity of this band is zero, the coefficient of the quadratic dispersion is proportional to the bending rigidity.
Density functional theory (DFT) has been successfully used to study elastic properties of graphene [35, 42, 54, [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] . The results of these studies are consistent one with each other and with the experiments, though diverse approaches have been tried. The calculations were performed in the localdensity approximation (LDA) [74] and generalized gradient approximation (GGA) using the exchange-correlation functionals of Perdew, Burke and Ernzerhof (PBE) [75] and Perdew and Wang (PW91) [76] . The long-range interactions were included in some papers [42, 61] using the DFT-D2 [77] and vdW-DF2 [78] approaches. The bending rigidity was extracted from calculations of energies of CNTs [59, [67] [68] [69] [70] [71] [72] [73] and dispersion of the transversal acoustic phonon band ZA in graphene [73] . The elastic constants were obtained by explicit analysis of the energy-strain [35, 42, 58, 59, 61] and stress-strain [54, 56, 57, 62, 65] dependences or using the density functional perturbation theory (DFPT) [79] like in papers [60, 66] . The non-linear elastic response was also considered and was shown to be anisotropic [56, 57, 59, [62] [63] [64] . In Ref. [56] , the elastic constants up to the fifth order were calculated. These data, however, were obtained for large strains of tens of percent. In the present paper we perform DFT calculations of the elastic response of graphene in the weakly non-linear regime and use them for direct verification of the classical interatomic potentials in the same interval of strains.
The paper is organized in the following way. First we briefly describe the properties which the interatomic classical potentials were fitted to. The methodology is described in section 3. In section 4, we give the results on contributions of terms of different order to the elastic energy of graphene under uniaxial streching and under bending and discuss the performance of the potentials with respect to the experimental and ab initio data. Finally conclusions are made.
Interatomic potentials for carbon
The Tersoff potential [1] was one of the first potentials for carbon where the dependence of the bond order on the local environment was taken into account. It was assumed that the bond order is a monotonically decreasing function of coordination of the atoms. The effect of neighbouring atoms on the bond order is not equal. The farther the atom is from the bond considered, its effect is reduced though the proper distance and angular dependence of the bond-order term. The potential was fitted to the experimental data on the lattice constant, binding energy and bulk modulus of diamond as well as binding energy of graphite. The energies of carbon dimers and simple cubic, body-centered cubic and face-centered cubic phases were fitted to the results of DFT calculations.
The Tersoff potential works well for regular systems when two bonded atoms have the same coordination and the bond between them is just single, double or triple. However, if the atoms have different coordinations, an intermediate bond order is used. This is a completely unphysical description of the situation, which should be properly described though the formation of a bond and a radical orbital. Therefore, one of the problems of the Tersoff potential is overbinding of radicals. The second problem is related to the cases of conjugated systems like graphene, where the bonds with mixed single-and doublebond character are treated as simple double bonds. To include these non-local effects, Brenner suggested to add in the REBO-1990 potential [2] a correction to the bond-order term dependent on the coordination number of each atom in the bond and on whether the system is conjugated or not. The parameters of the potential were fitted to the experimental data on atomization energies of small hydrocarbons, binding energies and lattice constants of graphite and diamond, DFT data on the binding energies and lattice constants of simple cubic and face-centered cubic phases of carbon and results of tight-binding calculations for vacancies in diamond and graphite. Two sets of parameters were proposed. The first set is more accurate in bond lengths, while the second one in force constants. In the following we consider only the second set of parameters (Table III of Ref. [2]), which is commonly used in simulations for carbon nanostructures [11, 12] .
For the next version of this potential, REBO-2002 [4] , it was suggested to use more flexible functions with an increased number of parameters. This allowed to include additionally in the training set stretching force constants for diamond, graphite and small hydrocarbons. Furthermore, the term describing rotation about double carbon bonds and the correction to the angular function for atoms with a small coordination at low angles were introduced. REBO-2000 [3] is the version of the potential very close to REBO-2002 . AIREBO is REBO-2000 with the torsional term for single carbon bonds and non-bonding interactions included. The latter ones are treated using the LJ potential, which is switched on for atoms at distances corresponding to the graphite spacing or if they are not likely to form a chemical bond under condition that they are not vicinal in the same molecule. It was checked that AIREBO, REBO-2000 and REBO-2002 reproduce well the C 11 and C 12 elastic constants of graphene as compared to the experimental data [3, 4] . It should be also mentioned that REBO-1990 and REBO-2002 were recently reparameterized to improve description of carbon nanostructures [80, 81] . Energies of graphene edges, barrier to vacancy migration and formation energy of carbon atomic chains were fitted. The parameters changed, however, do not affect elastic properties of periodic graphene layers and the results obtained below are valid also for these reparameterized versions.
LCBOP [5] is the result of another attempt to introduce nonbonding interactions into REBO. In this case switching between the short-range and long-range parts of the potential is performed at distances about 2 Å. Though the short-range part here resembles the Brenner one, it had to be reparameterized. Furthermore, it was slightly modified to optimize elastic properties of graphite and diamond and surface properties of diamond as well as to describe properly the transformation from diamond to graphite. The Morse potential was applied for the long-range interactions. The training set included the binding energies and equilibrium distances for dimer bond, triple bond, carbon chains, graphite, diamond, simple cubic and facecentered cubic phases of carbon, force constants for triple bond, chains, graphite and diamond, formation energies of vacancies in graphite and diamond, energies of carbon clusters with and without conjugated bonds and dependence of the interlayer interaction in graphite on the interlayer distance. The reference values were taken from REBO publications [2, 4] and DFT results. Additionally the elastic constants for uniaxial compression and shear of diamond (C 11 and C 44 ) and graphite (C 11 and C 66 ), the distance between first and second bi-layer in the (231)-Pandey-reconstructed (111) surface of diamond and the energy barrier for transformation from diamond to graphite were fitted.
In non-reactive PPBE-G potential [6] , the energy is represented as a sum of four terms: Morse potential for the bond energy, harmonic angle potential, dihedral potential and 1-3 repulsion term that describes interaction of atoms separated by two bonds. The parameters of the potential were obtained by matching the forces with the ones obtained by DFT calculations using the PBE exchange-correlation functional [75] . A large number of configurations of graphene generated in MD simulations at temperatures 300, 1000 and 3000 K were considered. This adaptive force matching method is described in Refs. [82] and [83] . The total energy in ReaxFF [84] is also computed as a sum of various contributions: bond energy and terms related to angles, torsion, conjugation, under or overcoordination, non-bonding and Coulomb interactions. Different from non-reactive forcefields, all valence terms in ReaxFF depend on the bond order determined by the bond length and go to zero smoothly as bonds break. The original potential [84] was fitted to the experimental data on heats of formation and geometry for a large number of hydrocarbon compounds and crystals, such as graphite, diamond, buckycall and cyclohexane, and quantum chemical data on energy curves for bond dissociation and reactions of small molecules. For ReaxFF-CHO [7] , the training set was supplemented by the quantum chemical data on C/H/O compounds and hydrocarbon oxidation chemistry. ReaxFF-C2013 [8] was developed with the aim of description of carbon condensed phases and the training set in this case included also equations of state for the volumetric expansion of diamond, in-plane and out-of-plane expansion of graphite, uniaxial expansion of diamond in the (001) direction as well as heats of formation of mono-, di-, tri-, and quadruple vacancies and the Stone-Wales defect in graphene and heats of formation of various amorphous carbon clusters.
As seen from this brief overview, forces, i.e. elastic properties, for graphene to different extent have been taken into account in fitting of the AIREBO, REBO-2000, REBO-2002, PPBE-G, LCBOP and ReaxFF-C2013 potentials. However, the Young's modulus, Poisson's ratio and bending rigidity were not fitted explicitly and the dependence on strain was not always considered. Therefore, additional tests are required to verify performance of the potentials with respect to the elastic moduli of graphene.
It should be noted that the computational speeds of the potentials listed above are rather different. PPBE-G has the simplest expression for the potential energy and is the fastest to compute. As the complexity of the potential grows and longrange interactions are included, the calculations become more and more heavy. According to our test calculations (see Supplementary Information), the computational time increases in the row: PPBE-G < Tersoff < LCBOP ≈ REBO-2000 < AIREBO < ReaxFF-C2013 ReaxFF-CHO. 1.4196 ± 0.0003 [90] potential energy of strained graphene. The calculations with the REBO-1990 [2] and REBO-2002 [4] potentials were performed using the in-house Molecular Dynamics -kinetic Monte Carlo (MD-kMC) code [85] . The calculations with the Tersoff [1] , REBO-2000 [3] , AIREBO [3] , PPBE-G [6] , LCBOP [5] , ReaxFF-CHO [7] and ReaxFF-C2013 [8] potentials were carried out using the Large-Scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) [86] . An input table is used in LAMMPS for the radial dependence of the 1-3 repulsion term of the PPBE-G potential. The number of points in this table was increased to 2000000 to provide a smooth dependence of the energy on the elongation.
The calculations were performed using periodic boundary conditions. The rectangular unit cell including 4 elementary unit cells along the zigzag direction and 4 elementary unit cells along the perpendicular armchair direction was studied for most of the potentials. For AIREBO, a larger simulation cell with 16 elementary unit cells along the zigzag and armchair directions was considered. The sides of such a simulation cell exceed the doubled cutoff radius of the LJ potential (about 10 Å). The use of larger unit cells has no effect on the results. First the equilibrium bond length l was obtained ( Table 1 ). Note that the Tersoff, REBO-1990, PPBE-G and ReaxFF-CHO potentials somewhat overestimate the equilibrium bond length compared to the experimental data [52, [87] [88] [89] [90] , while AIREBO underestimates the equilibrium bond length. The difference, however, does not exceed 3% and this is not particularly important in practice. The unit cell was stretched along one of the sides by 0 -3% with a step of 0.01%. For each elongation , the strain of the unit cell in the perpendicular direction that minimizes the potential energy, ⊥ , was found by the golden-section search. The positions of the atoms for each size of the unit cell were optimized by the conjugate gradient method till the energy change in successive iterations was less than 10 −12 eV per atom.
The Poisson's ratio at each elongation was computed as ν( ) = − ⊥ ( )/ . At very small elongations below 0.1%, the dependence of the elastic energy on the strain ⊥ in the perpendicular direction is not a smooth function because of the computational noise. In such cases, the golden-section search finds one local minimum among many. As a result, bending and oscillations of the calculated dependence of the Poisson's ratio on the elongation are observed (Fig. 1a-i ). For this reason, direct calculations of the Poisson's ratio at small elongations are not reliable and to estimate its value in the limit of zero elongation, ν 0 = lim →0 ν( ), we approximated the dependence ν( ) by a polynom in the interval of elongations from 0.1% to 3% (except for ReaxFF-C2013, where there is a jump discontinuity in the dependence of the Poisson's ratio on the elongation as discussed in the next section and the interval from 0.1% to 0.95% was used). The zeroth order term of this polynom gave us an estimate of the Poisson's ratio at zero elongation. The least-squares polynomial regression was performed using the Levenberg-Marquardt algorithm [91, 92] . The order of the polynom for each potential and direction of graphene stretching was chosen so that the standard error of this term was minimal. High orders of the polynom (up to 7) were required for REBO-2000, AIREBO and REBO-2002. For other potentials, the polynoms within the third order were sufficient. The values of the Poisson's ratio at zero elongation computed in this way for the zigzag and armchair directions were the same within 6 · 10 −5 . A similar variation in the values was observed when a smaller interval of elongation down to 0.5% was considered provided that the order of the polynom was properly readjusted again. This can be considered as an error of our estimates of the Poisson's ratio at zero elongation.
The common way to calculate the Young's modulus is to find an interval of elongations where the dependence of the energy on the elongation is parabolic or the stress-strain curve is linear. For some of the potentials considered, however, the region of elongations where the elastic response is linear is very short and given the computational noise problems at small elongations, it is difficult to evaluate the Young's modulus with a satisfactory accuracy. Therefore, to estimate the Young's modulus we also approximated the dependence of the energy on the elongation by a polynom. The order of the polynom for each potential and direction of graphene stretching was chosen so that the standard error of the term corresponding to the Young's modulus was minimal. Normally polynomial fitting was performed in the range of elongations from 0.01% to 3%. For REBO-2000, AIREBO, REBO-2002, ReaxFF-C2013, however, even the 9-th order polynom was not sufficient. In these cases, smaller intervals of elongations down to 1% (0.95% for ReaxFF-C2013) were considered. It should be mentioned that the calculated values of the Young's modulus for the zigzag and armchair directions were the same within 4 · 10 −5 TPa for all the potentials. When a smaller interval of elongations down to 0.5% was considered and the order of the polynom was readjusted again, the estimated Young's modulus changed by no more than 3 · 10
TPa. Therefore, such an approach allowed us to get accurate estimates of the Young's modulus. Within the same approach, we could also estimate higher-order elastic moduli, such as the third-order one, Y 3 . From the analysis of dependences of the estimated values on the maximal elongation considered, we conclude that the relative error of Y 3 hardly exceeds 1%.
More exactly, the potential energy per unit volume U( ) was found from the minimal potential energy per atom at each elongation as U( ) = E( )/(hσ 0 ), where the interlayer distance in graphite, h = 3.34 Å, was used for the layer thickness and σ 0 = 3 √ 3l 2 /4 is the area per atom. The change in the potential energy per unit volume relative to the fully relaxed layer, ∆U( ) = U( ) − U(0), was approximated as
The coefficients Y n correspond to derivatives of the energy at zero elongation
and Y 2 is just the Young's modulus. To evaluate the importance of terms of different order to the elastic energy, relative contributions of these terms ζ n ( max ) = ∆U n ( max )/∆U( max ), where ∆U n = Y n n /n!, were calculated at the maximal elongation max considered for the polynomial fitting.
The effective Young's modulus dependent on the elongation
2 was found by differentiation of the fitted polynoms given by Eq. (1):
Bending rigidity
Zigzag CNTs (100m,0) with m from 1 to 20 (the radius R exceeds 3.9 nm) were considered to calculate the bending rigidity D 2 of graphene. Numerous papers [36, 46, 48, 59, 68, 69, 72, 73] demonstrate that the bending rigidity does not depend on the CNT chirality. The periodic boundary conditions were used. For most of the potentials, the simulation cell included 4 elementary unit cells of the CNTs along the nanotube axis. For AIREBO, 6 elementary unit cells were considered. The size of the unit cell and positions of atoms within the unit cell were optimized.
The elastic energy of a graphene layer folded into a CNT per unit area, U CNT (R), was found from the potential energy of the CNT per atom, E CNT (R), as U CNT (R) = E CNT (R)/σ 0 . Following the approach similar to the one for evaluation of the Young's modulus, the potential energy of CNTs relative to graphene ∆U CNT (R) = U CNT (R) − U CNT (∞), was approximated as
DFT calculations
To get the reference data on the dependence of the effective Young's modulus and Poisson's ratio on the elongation in the interval of 0 -3% we have performed DFT calculations using the VASP code [93] . The rectangular model cell including 4 atoms and of 20 Å height was studied under periodic boundary conditions. It was checked that the use of a larger 16-atom cell provides identical results. The PBE exchangecorrelation functional [75] was considered. The interaction of valence electrons with atomic cores were described using the projector augmented-wave method [94] . The Monkhorst-Pack method [95] was applied to integrate over the Brillouin zone using 24 k-points in the armchair direction and 36 k-points in the zigzag direction. The Gaussian smearing of 0.05 eV was applied. The low convergence threshold of the self-consistent field of 10 −10 eV and the high maximal energy of plane wave basis set of 2000 eV were needed to get sufficiently smooth dependences of the total energy on the strain. The geometry optimization of free and strained graphene was performed till the maximal residual force of 10 −6 eV/Å. First the bond length of graphene was optimized (Table 1) . Then one side of the cell was increased to introduce the elongation in the interval from 0.5 to 3% with the step of 0.5%. The dependence of the total energy on the strain along the perpendicular side ⊥ was obtained with optimization of positions of the atoms at each size of the unit cell. For each elongation , the dependence of the energy on the ratio of strains ⊥ / was approximated by a parabola (within roughly ±0.01 from the minimum). The minimum of the parabola gave the Poisson's ratio ν( ).
To get the effective Young's modulus at each elongation , we considered systems with elongations + ∆ , where ∆ was changed in the ±0.025% interval with the step of 0.005%. The same Poisson's ratio ν( ) was assumed for all of these systems and the energy dependence on the elongation was approximated by a parabola. The second-order derivative of the parabola gave the effective Young's modulus Y( ). An explicit calculation of the second-order derivative by the method of finite differences followed by averaging over the considered interval of ∆ gave the same results within 0.3%. To estimate the Young's modulus at zero elongation, the Poisson's ratio was assumed to be the same as at the elongation of 0.005%.
Results

Polynomial fit of energy dependence on elongation
Let us first discuss the results of polynomial fitting of the calculated dependences of the elastic energy on the elongation upon uniaxial stretching of graphene according to Eq. 1. For all the considered potentials, the dependences of the elastic energy of uniaxially stretched graphene on the elongation are nonparabolic (Tables 2, 3 , 4, 5, 6, 7, 8, 9 and 10). The contributions of the third-order and further terms to the elastic energy at the maximal elongation of 3% are of at least several percent for all the potentials. The deviation from the simple quadratic dependence is even more evident from consideration of the effective Young's modulus (Fig. 1) , which is not constant. The Poisson's ratio also changes noticeably upon increasing the elongation (Fig. 1) . Note that oscillations of the Poisson's ratio at very small elongations are related to the non-smooth dependence of the elastic energy on the strain in the direction perpendicular to the elongation applied and can be ignored.
The Tersoff, REBO-1990, LCBOP, PPBE-G and ReaxFF-CHO potentials, nevertheless, provide the energy dependences relatively close to the parabolic ones and they can be fitted with polynoms within the 7-th order. The curves obtained using the Tersoff potential can be described according to Eq. 1 by polynoms of the 4-th order ( Table 2 ). The 5-th order polynoms are the most appropriate for REBO-1990, LCBOP and PPBE-G (Tables 3, 7 (Table 9 ). For these potentials, the contributions of the non-parabolic terms to the elastic energy at the maximal elongation of 3% do not exceed 10% (Tables 2, 3 (Fig. 1a, b and e-g) and the changes in the Poisson's ratio are within 0.03.
For REBO-2000, REBO-2002 and AIREBO, the dependences of the elastic energy on the elongation are strongly nonparabolic. In the case of elongations in the zigzag direction, the results obtained using REBO-2000 and AIREBO can be described by polynoms of the 6-th order (Tables 4 and 5 ). The dependence calculated with REBO-2002 is fitted the best by a polynom of the 8-th order (Table 6 ). However, when the graphene layer is stretched in the armchair direction, the contributions of non-parabolic terms to the elastic energy are very large and even polynoms of the 9-th order are not sufficient. Note that even the last 9-th order terms of these polynoms provide significant contributions to the elastic energy at the maximal elongation of 3%. In this case, a smaller interval of elongations up to 1% is considered below to calculate the Young's modulus Y 2 , third-order modulus Y 3 and Poisson's ratio ν 0 at zero elongation (Tables 4, 5 and 6).
For REBO-2000, REBO-2002 and AIREBO, the Poisson's ratio changes drastically, from about 0.4 to about 0.2, upon streching graphene in the armchair direction by 3% (Fig. 1c,  d and i) . The effective Young's modulus has a non-monotonic dependence on the elongation with a maximum at 1.5-1.8%. It should be also noted that REBO-2000 and REBO-2002 give virtually the same results for elongations in the armchair direction (Tables 4 and 6 , Fig. 1c and d) . However, the data obtained for the zigzag direction are different. For example, the Y 3 moduli for the zigzag direction differ by a factor of 2.6. According to AIREBO, the Young's modulus is increased compared to REBO-2000 (by about 13% at zero elongation) due to the effect of long-range interactions taken into account using the LJ potential, in agreement with Ref. [3] . However, the dependences on the strain for REBO-2000 and AIREBO are very similar (Fig. 1c and i, Tables 4 and 5) .
The ReaxFF-C2013 potential behaves strangely upon uniaxial stretching of graphene. There is a jump discontinuity in the dependence of the Poisson's ratio on the elongation in the armchair direction at 0.97% (Fig. 1h) . At such elongations, there are two minima in the dependence of the elastic energy on the strain ⊥ in the perpendicular direction. At 0.97%, one minimum becomes more energetically favourable than the other and a discontinuous change in the Poisson's ratio takes place. The dependences of the Poisson's ratio on the elongation for graphene stretching in the armchair and zigzag directions also have maxima at about 2.5%. The dependence of the elastic energy on the elongation in the zigzag direction is highly nonparabolic and even the polynom of the 9-th order is not sufficient to describe it (Table 10 ). For the armchair direction, the standard error of the Young's modulus is minimized for a pure parabola. However, the corresponding value of Y 2 = 0.7948 TPa differs by 0.005 TPa from the result for the zigzag direction and the results for elongations within 0.95%. Furthermore, the parabolic dependence corresponds to the constant effective Young's modulus but this is not the case for the second-order derivative of the elastic energy evaluated numerically by the method of finite differences. Therefore, the jump discontinuity in the dependence of the Poisson's ratio also affects the elastic energy and polynomial fitting is not appropriate for elongations including the jump. The Young's modulus and Poisson's ratio for this potential were thus computed considering only elongations within 0.95%.
The C 3 rotational symmetry of graphene provides that the Young's modulus Y 2 describing the linear elastic response does not depend on the direction of stretching. The moduli beyond Y 2 , however, are anisotropic. While for the Tersoff, LCBOP, PPBE-G, ReaxFF-CHO and ReaxFF-C2013 potentials, the values of the Y 3 modulus for the armchair and zigzag direction differ by no more than 50% (Tables 2, 7, 8 and 9), for the REBO potentials, this difference corresponds to a factor of 2 -9 (Tables 3, 4, 5 and 6). Only the simplest Tersoff potential gives almost the same values for the Y 4 modulus in the armchair and zigzag directions (Table 2 ). For the rest of the potentials, the moduli beyond Y 3 are highly anisotropic. The values of the moduli beyond Y 2 also differ considerably between the potentials (Tables 3, 4 , 5, 6, 7, 8 and 9).
Young's modulus and Poisson's ratio
The Young's moduli Y 2 , third-order moduli Y 3 , Poisson's ratios ν 0 in the limit of zero elongation and the corresponding literature data are summarized in Table 11 (note that in some papers only elastic constants C 11 , C 12 , etc. are given and Y 2 , Y 3 and ν 0 are evaluated from these data according to equations given in Appendix). The Young's modulus Y 2 and Poisson's ratio ν 0 for the Tersoff potential are in agreement with previous static energy calculations [33] and MD simulations [34] . The Young's moduli and Poisson's ratios for the REBO potentials agree very well with the data obtained through the analytical expressions and static energy calculations at small strains [33, [36] [37] [38] . However, for AIREBO, REBO-2000 and REBO-2002, there is some deviation from the results of MD simulations at finite temperatures [34, [39] [40] [41] 96] , which predict a higher Young's modulus and a smaller Poisson's ratio. The effect of temperature on the Young's modulus is not that strong for the second-generation REBO potentials at temperatures below 1000 K [39, 96] (also according to DFT calculations [65] ) to explain this discrepancy. More likely, the difference in the results can be explained by large intervals of elongations where the linear elastic response was assumed in pa- pers [34, [39] [40] [41] 96] . According to our calculations, the effective Young's modulus and Poisson's ratio for AIREBO, REBO-2000 and REBO-2002 change drastically already at such small elongations as 0.5%. The increased effective Young's modulus and decreased Poisson's ratio at such elongations is consistent with the results from papers [34, [39] [40] [41] 96] . Some deviation from the MD results at room temperature [6] is observed also for the PPBE-G potential. Nevertheless, the discrepancy in this case is not that significant as for the second-generation REBO potentials and may be attributed to the effect of temperature. For the LCBOP, ReaxFF-CHO and ReaxFF-C2013 potentials, there is a good agreement with the results obtained by the MD simulations [34, 42] .
All the potentials considered give the Young's modulus Y 2 on the order 1 TPa (Table 11 ). To evaluate the deviations of the computed Young's moduli from the experimental [51] [52] [53] and ab initio [35, 42, 54, 56-62, 65, 66 ] values, we take as a reference the average of these data, which corresponds to 1.04 TPa. The deviations of the results obtained using the interatomic potentials from this reference value are shown in Fig.  2 . It is seen the REBO potentials except AIREBO underestimate the Young's modulus by 30%, AIREBO, ReaxFF-C2013 and PPBE-G by 20%, while the Tersoff and ReaxFF-CHO overestimate it by 20% and 30%, respectively. Much more dramatic discrepancies are observed for the Poisson's ratio (Fig. 2) . The experimental and ab initio data for the Poisson's ratio range from 0.13 to 0.22 and the average reference value is 0.176. The Tersoff potential and ReaxFF-CHO are completely inadequate in this regard. The Tersoff potential gives a negative Poisson's ratio (in agreement with previous papers [33, 34] ). The ReaxFF-CHO gives a Poisson's ratio close to unity (in agreement with [42, 43] ). The Poisson's ratio is somewhat improved in the ReaxFF-C2013 but the value of about 0.5 (in agreement with [42] ) is still too large. The REBO potentials also overestimate considerably the Poisson's ratio in the limit of zero elongations and give the results close to 0.4. PPBE-G somewhat overestimates the Poisson's ratio as well. Only the value for LCBOP is close to the range provided by the experimental measurements and ab initio calculations.
Our DFT calculations for finite elongations show that the effective Young's modulus Y monotonically decreases upon stretching the graphene layer (Fig. 1j) . At elongations exceeding 0.5%, the effective Young's modulus is lower for the zigzag direction compared to the armchair one. Among the considered potentials, only LCBOP and PPBE-G give qualitatively similar dependences (Fig. 1e and f) . Quantitatively this behavior can be described using the first non-linear modulus Y 3 of graphene under uniaxial stretching. We roughtly estimate Y 3 (Table 11 ) based on the slope of the dependence of the effective modulus Y obtained by the DFT calculations for elongations of 1%-3% (Fig. 1j) . Our estimate and previous data following from the experimental measurements [51] and DFT calculations [56, 57, 59 ] (see Appendix for the relation between the elastic constants and Y 3 modulus) suggest that the Y 3 modulus is negative as can be expected for the majority of materials. AIREBO, REBO-2000 and REBO-2002, however, fail to reproduce even the sign of this modulus (Table 11 ). The DFT calcu- lations [56, 57, 59] including ours indicate that the Y 3 modulus for the zigzag direction is larger in magnitude than that in the armchair direction, which is equivalent to the lower elastic energy upon stretching in the zigzag direction for the same strain if it is sufficiently small. Among the considered potentials this holds only for LCBOP and PPBE-G (Table 11 ).
In the experiment [51] and Ref. [57] , the minimal non-linear model was used to fit the data up to large strains and the estimate of Y 3 of about −4 TPa was obtained. In Ref. [56] , higherorder terms were also included in the fitting procedure and the corresponding Y 3 modulus was −(7−8) TPa. Close results of −(6−9) TPa were obtained in Ref. [59] . Our value of about −5 TPa lies in the range of the previous DFT results. Nevertheless, it should be only considered as a rough estimate as we do not analyze the contribution of higher-order terms to the energy. Compared to all these data, REBO-1990 strongly underestimates the magnitude of Y 3 (Table 11) . PPBE-G, ReaxFF-CHO and ReaxFF-C2013 give the results close to the lower bound for Y 3 (Refs. [57, 62] ), while the LCBOP and Tersoff potentials agree better with the higher bound (Refs. [56, 59] ). However, only the value provided by LCBOP is actually within the interval of the DFT results for Y 3 . Considering also the relation between the Y 3 values for the zigzag and armchair directions, it can be concluded that LCBOP and PPBE-G describe the Y 3 modulus the best.
Our DFT calculations (Fig. 1j) as well as the previous ones [56, 57, [62] [63] [64] indicate that the Poisson's ratio ν decreases monotonically with increasing the elongation. According to papers [56, 62, 63] for strains up to 30%-60%, the Poisson's ratio decreases almost linearly with increasing the strain and is smaller for the zigzag direction compared to the armchair one. However, in our calculations, the Poisson's ratio is almost the same for the armchair and zigzag direction at the elongation of 0.5% (Fig. 1j) and then decreases non-linearly taking smaller values for the armchair direction. Such a behaviour is consis-tent with the results obtained in papers [57, 64] for small strains. The change of the slope in the strain dependence of the Poisson's ratio for the armchair direction was observed in paper [57] at the strain of about 12%. Therefore, at small strains of up to 3%, the Poisson's ratio should decrease faster for the armchair direction than for the zigzag one. Qualitatively similar dependences are observed at the elongations within 3% for LCBOP, PPBE-G and ReaxFF-CHO (Fig. 1e, f and g ). It should be noted, however, that none of the considered potentials describes well the shapes of the curves.
Summarizing the results of this subsection, LCBOP gives the best results for the Young's modulus Y 2 and the Poisson's ratio ν 0 in the limit of zero elongation. It also provides qualitatively correct dependences of the effective Young's modulus Y and Poisson's ratio ν on the elongation. The corresponding values of the modulus Y 3 for the armchair and zigzag directions are within the range of the reported DFT results. Thus, we conclude that this potential is the most adequate for simulations of in-plane deformations in graphene among the considered interatomic potentials. Somewhat worse but also decent description of the in-plane elastic properties is provided by the computationally cheap PPBE-G potential. This can be a good choice for demanding large-scale simulations.
Bending rigidity
For most of the potentials considered, the energies of (100m,0) CNTs, where m is integer from 1 to 20, can be approximated by the 4-th order polynom of the curvature (n max = 2 in Eq. 4, Table 12 ). Though the contribution of the 4-th order term is very small, it is included to minimize the standard error for the bending rigidity D 2 . For REBO-2002 and PPBE-G, polynoms of the 10-th and 8-th order, respectively, (n max = 5 and n max = 4, respectively) are needed to minimize the error for D 2 (Table 13) . Nevertheless, the contribution of the fourth-order and further terms to the energy is very small and the values of D 2 almost do not change upon increasing the order of the polynom (Tables 12 and 13 ).
The calculated values of the bending rigidity D 2 for the Tersoff, REBO-1990 , REBO-2002 and ReaxFF-C2013 potentials (Tables 12) agree with the previous static energy calculations [36, 44, [46] [47] [48] and the analytical limit [36, 37, 48] for small curvatures (Table 14) . However, our results for REBO-2002 and PPBE-G are considerably greater than the values deduced for these potentials from the height of ripples in graphene at room temperature [6, 50] . Our static calculations correspond to the limit of zero temperature and such a difference with the MD results is consistent with a rapidly decreasing behaviour of the bending rigidity upon increasing temperature [50] . Simulations of ripples in graphene at low temperatures are required to confirm this hypothesis. The value obtained previously for ReaxFF-CHO by bending a graphene layer [43] is greater than the one from our calculations for CNTs. In that paper the graphene layer was not relaxed along the bending axis and the elastic energy dependence on the applied initial curvature was considered instead of the distribution of curvatures resulting from the geometry optimization. This explains why the bending rigidity in Ref. [43] could be overestimated.
The DFT data for the energies of CNTs correspond to the bending rigidity of 1.4-1.7 eV [59, [67] [68] [69] [70] [71] [72] [73] (Table 14) . The value of 1.7 eV was obtained from the dispersion of the ZA phonon mode for graphene [73] . The value of 1.2 eV was estimated from the phonon spectrum of graphite [55] . We use the average value from the DFT and experimental studies of 1.53 eV as a reference. According to our calculations, the Tersoff, REBO-1990 and LCBOP potentials considerably underestimate the bending rigidity (Fig. 2) . The bending rigidity for the REBO-2000, REBO-2002 and ReaxFF potentials fits well into the range of the DFT data. Such an improvement in the description of graphene bending in the second-generation REBO potentials was attributed to the account of effects of dihedral angles [48] .
Though torsional terms are also present in the PPBE-G potential, the bending rigidity evaluated from the elastic energy of CNTs for this potential is too high. The training set for this potential included only the structures generated at room temperature and above. This may explain the good performance of PPBE-G for ripples in graphene at room temperature but poor performance in the static energy calculations for CNTs. The account of torsional terms for single bonds in AIREBO (as compared to torsional terms for double bonds only in REBO-2000 and REBO-2002) also leads to a decrease in the bending rigidity down to 1 eV (Table 12 ). It should be noted, however, that AIREBO reproduces rather well elastic energies of fullerenes [69] . REBO-1990 also gives better results for small fullerenes than REBO-2002 [80] . This can be achieved by the proper balance of the contributions coming from the mean and Gaussian curvatures [69] and determined by the bending rigidity and Gaussian bending stiffness, respectively.
Conclusions
The Tersoff, REBO-1990, REBO-2000, AIREBO, REBO-2002, LCBOP, PPBE-G, ReaxFF-CHO and ReaxFF-C2013 were tested with respect to the elastic properties of graphene using the same computational procedure. The elastic properties in the limit of zero strain, such as Young's modulus, Poisson's ratio and bending rigidity, were compared with the experimental and ab initio data. The third-order elastic modulus Y 3 for uniaxial stretching was also considered. Additional DFT calculations were performed to provide the reference data for the dependences of the effective Young's modulus and Poisson's ratio on the elongation.
It was revealed that the elastic response of all the potentials considered is non-linear already at elongations of 3%. This non-linearity, however, is particularly striking for REBO-2000, AIREBO and REBO-2002. It can be responsible for very different results on the Young's modulus and Poisson's ratio evaluated using different intervals of strains and computational approaches. Such a non-linear response and positive third-order elastic modulus are inconsistent with the available experimental and DFT data. A number of artefacts were also discovered for the ReaxFF-C2013 potential, such as a jump discontinuity in the dependence of the Poisson's ratio on the elongation in Table 2 : Fitted parameters Y n of the polynomial approximation, relative standard errors s n and relative contributions ζ n to the elastic energy of uniaxially stretched graphene for the Tersoff potential [1] and the maximal elongation of max = 3% in the armchair and zigzag directions. Table 4 : Fitted parameters Y n of the polynomial approximation, relative standard errors s n and relative contributions ζ n to the elastic energy of uniaxially stretched graphene for REBO-2000 [3] and the maximal elongations of max = 3% in the armchair and zigzag directions and 1% in the armchair direction. ------ Table 5 : Fitted parameters Y n of the polynomial approximation, relative standard errors s n and relative contributions ζ n to the elastic energy of uniaxially stretched graphene for AIREBO [3] and the maximal elongations of max = 3% in the armchair and zigzag directions and 1% in the armchair direction. ------ Table 6 : Fitted parameters Y n of the polynomial approximation, relative standard errors s n and relative contributions ζ n to the elastic energy of uniaxially stretched graphene for REBO-2002 [4] and the maximal elongations of max = 3% in the armchair and zigzag directions and 1% in the armchair direction. ------ Table 7 : Fitted parameters Y n of the polynomial approximation, relative standard errors s n and relative contributions ζ n to the elastic energy of uniaxially stretched graphene for LCBOP [5] and the maximal elongation of max = 3% in the armchair and zigzag directions. armchair zigzag n Y n (TPa) s n ζ n Y n (TPa) s n ζ n 2 0.9433 1.6 · 10 the armchair direction, non-monotonic dependence of the Poisson's ratio, etc. Also the ReaxFF potentials give extremely large Poisson's ratios, while the Tersoff potential predicts a negative value. The best agreement with the reference experimental and ab initio data on the in-plane elastic properties at zero elongation is achieved for the LCBOP potential, which captures properly not only the Young's modulus and Poisson's ratio but also the third-order elastic modulus Y 3 . Correspondingly LCBOP gives qualitatively correct dependences of the effective Young's modulus and Poisson's ratio on the elongation up to 3%. Quailitative agreement is also observed for the PPBE-G potential, which is very cheap computationally and is optimal for the use with large systems. LCBOP, however, fails to reproduce the bending rigidity of graphene in static energy calculations for CNTs. PPBE-G, though realistically describes ripples in graphene at room temperature [6] , strongly overestimates elastic energies of CNTs. Studies of the temperature dependence of the bending rigidity for this potential are required to clarify the reasons of this discrepancy. The values of the bending rigidity provided by REBO-2000, REBO-2002, ReaxFF-CHO and ReaxFF-C2013 agree the best with the experimental and ab initio data.
Therefore, none of the considered potential describes adequately both in-plane and out-of-plane deformations of graphene. MD simulations [97] show that the newer version of the LCBOP potential, LCBOPII [98] , with the torsional terms included performs well for ripples in graphene and this might be a good choice for simulations where elastic properties of graphene are important. Nevertheless, further work is still needed on improvement of the accuracy of existing potentials and development of new ones.
Appendix
The elastic energy of graphene can be also expressed through the elastic constants C i j , C i jk , C i jkl , etc.:
where we choose that index 1 corresponds to the zigzag direction and 2 to the armchair one. Note that due to the rotational symmetry of graphene C 11 = C 22 .
The following relations hold between the Poisson's ratio ν 0 in the limit of zero elongation, Young's modulus Y 2 and elastic constants [45] :
The third-order modulus Y 3 for the zigzag direction is given by (see Ref. [45] ):
The expression for the armchair direction is obtained by interchanging the indices 1 and 2. Note that for graphene C 122 = C 111 − C 222 + C 112 [45, 56] .
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